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1 Introduction 

Let a G C \ {0} with |a| > 1 and let be the Hopf manifold with respect 
to a, i.e., Ha = C" \ {0}/ ~ where z' ^ z if and only if there exists m G Z 
such that z' = dF^z in C" \ {0}. In a previous paper [T] we showed that 
any pseudoconvex domain D C with C"^— smooth boundary which is not 
Stein is biholomorphic to Ta x where -Do is a Stein domain in P"-~^ with 
C"^— smooth boundary and Ta is a one-dimensional torus. This was achieved 
using the technique of variation of domains in a complex Lie group developed 
in [T] applied to Ha as a complex homogeneous space with transformation 
group GL{n,C) (Theorem 6.5 in pQ). 

For a, 6 G C \ {0} with |6| > |a| > 1 we let 'H(a,b) be the Hopf surface 



z,w] ~ [z\w 



with respect to {a,b), i.e., 'H(a,b) = \ {(0,0)}/ ~, where 
if and only if there exists n G Z such that z' = a"'z, w' = h^w. We set 
Ta = Ta X {0}, Tf, = {0} X Tfe, and H* = H\iTaU Tb). We define 

p-;^>i. (1.1) 

log \a\ 

We remark that 'H(a,fe) is not a complex Lie group. However, "H* is both a 
complex Lie group and a complex homogeneous space. With the aid of the 
aforementioned technique of variation of domains in [1] , we can characterize 
the pseudoconvex domains with C^— smooth boundary in 'H{a,b) which are 
not Stein. 

Theorem 1.1. Let D he a pseudoconvex domain in Ti^a.b) with — smooth 
boundary. Suppose D is not Stein. 

Case a: p is irrational. 

We set Sc = {|w| = c|2;|''}/ ~ for c G (0, +oo), where {\w\ = c\z\f} = 
{\w\ = c\z\P : z e C*} C C* X C*}, So = Ta and S+oo = T^. We 
have "H = IJc6[o +oo] where this is a disjoint union and each Sc for 
c G (0, oo) is a compact Levi fiat hypersurface in H* biholomorphic to 
Si in H. Then D reduces to one of the following: 
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(a-1) There exist < ki < k2 < +00 such that D = IJce(fei ^2) 
(a-2') There exists a positive number k such that D = IJce[o/c) ^c- 
(a-2") There exists a positive number k such that D = IJce(fc +00] ^c- 
Case b: p = q/p is rational where q > p > 1 and {p, q) = 1. Setting 

1 q 

T := — (- arg a — arg b), < arg a, arg b < 27i, (1.2) 
2n p 

we have two cases: 

Case (bl): r is irrational. We have the same disjoint union H. = U[o+oo] 

as in Case a, and the domain D reduces to one o/(a-l), (a-2') or 
(a-2"). 

Case (b2): r = m/l is rational with I > 1 and {l,m) = ±1 or t = (and we 
set 1 = 1). Let g be the greatest common divisor ofp and I, and set 
V := pl/g E Z. We define K := {e^'^'^'/'^}fe=o,i,...,i/-i; 0, subgroup 
of C* , and define '■= {w = cz'^}/ ~ for c G C*/K, where 
{w = czP} = {w = czP : z e C*} C C* X C*. Setting ctq = T„ and 
(Too = Tfo, we have "H = IJcepi '^c where this is a disjoint union. 
There exists a domain 6 in with smooth boundary such that 
D = [Jces 

In Case (b2), ai = {w = z^}/ ~ is a compact curve in "H* which is a subgroup 
of T-L* and which, as a Riemann surface, is equivalent to a torus. Each ac 
for c G C* is biholomorphic to cri in "H*. We consider C*/K as a Riemann 
surface which is equivalent to C*. Then {w = cz''}/ ~ = {w = c' z''}/ ~ 
for c'/c G K. Here we have used the shorthand notation c = cK G C*/K. 

The main idea behind the proof is this: starting with a pseudoconvex 
domain D G with smooth boundary, we consider D* = D (1 H*. We con- 
struct a natural plurisubharmonic exhaustion function using our c— Robin 
function techniques in [1]. It is natural to try to extend this function to D 
first as a plurisubharmonic function and then as an exhaustion function. We 
study obstructions to the resulting function (or a modification of it) being 
strictly plurisubharmonic arising from the possible existence of certain holo- 
morphic vector fields. As a by-product of this procedure, we also encounter 
an interesting class of Stein subdomains in "H which we call Nemirovskii-type 
domains. 
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The outline of our paper is the following. In the next section, we briefly 
discuss properties of the Hopf surface 1-L[a,h)^ and in section 3 we state without 
proof some preliminary results, including a classification of the holomorphic 
vector fields on K(a,6) and their integral curves. We also indicate why the 
domains listed in Theorem 11.11 are not Stein. The proof of Theorem 11.11 
is given in section 4. At the end of that section we give an example of 
the aforementioned Nemirovskii-type domains. The proofs of the results in 
section 3 are given at the end of the paper in Appendix A and Appendix B. 

We would like to thank Professor Tetsuo Ueda for suggesting this problem. 

2 Properties of the Hopf surface 1-L{a,h) 

We write C* := C \ {0} and (C^)* := \ {(0,0)}. Fix a, 6 G C* with 
1 < |a| < \b\. For {z,w), {z',w') G (C^)*, we define the equivalence relation 

{z,w) ~ {z',w') iff 3 n eZ such that z' = a^z, w' = h^w. 

The space (C^)*/ ~ consisting of all equivalence classes 

[z, w] := {(a"2, : n e Z}, {z, w) G (C^)* 

is called the Hopf surface Ti = 'H(a,b)] it is a complex two-dimensional com- 
pact manifold. 

For z, z' G C* we define z ~a z' if and only if there exists n G Z such 
that z' = dl^z in C*. Then 

:=C7~, andTfe:=C7~fe 

are complex one-dimensional tori, and "H contains two disjoint compact ana- 
lytic curves T,, = x {0} and Tj, = {0} x T^. We have T« U = {(z, w) G 
(C^)* : zu; = 0}/ ~ in for simphcity we write U = {zw = 0}. We 
consider the sub domain l-L* oiT-L defined by 

n* ■.= H\{zw = Q}. (2.1) 

Thus is a compactification of %* by two disjoint one-dimensional tori. The 
set %* is a complex Lie group and will play a crucial role in this work. 
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We give a more precise description of the Hopf surface. A fundamental 
domain for "H is 

:F: = {{\z\< \a\] ^{\w\< m \ {{\z\ < 1} x < 1}) 

= El UE2 ^ (C^)*, (2.2) 

where 

Ei = E[x E'l := {\z\ < \a\} x {l<\w\ < \b\}, 
E2 = E'^x E'^ := {l<\z\ < \a\} x {\w\ < \b\}. 

For k = 0, ±1, ... we set J^k '■= x (a'^; b''). Then J-'q = J-"; each J^k is a 
fundamental domain; and we have the disjoint union (C^)* = W^^^^J^n- 

The Hopf surface H is obtained by gluing the boundaries of in the 
following way: setting 

K ■■= {kl < l«l} X {\w\ = m, L[ = {|^| < 1} X {|.^| = 1}; 
L'i ■■= {kl = \a\}x {\w\ < m, L'[ = {|^| = 1} X {|^| < 1}, 

we have the identifications: 

(1) {z,w) e L'^ with {z/a,w/b) G L[\ 

(2) {z,w)eLl with {z/a,w/b) e L'[. 

We set 

X = {(a", 6") e C* X C* : n G Z} C C* X C*, (2.3) 

which is a discrete set in C* x C*. 

For a set D C "H we will often simply describe -D as a set of points in 
(C^)* where the equivalence relation ~ is understood. If there is possibility 
of confusion we will write 

D = {{z,w)e (C')* : [z, w]eD}(l (C')*, (2.4) 

so that D = D X I and hence D/ = D. 

We give an example of the action of the equivalence relation which will 
illustrate the difference between the Lie group %* and the Hopf surface T-L. 
Let D = <Cz X {w} where if 7^ 0. As a subset of "H*, the complex curve 
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Dr\ (C* X C*)/ ~ is not relatively compact and is equivalent to C*. However, 
as a complex curve in "H, Z)/ ~ is not closed and is equivalent to C. Moreover, 
if \b\^~'^ < \w\ < \b\^, then {Q,w) G Fk and 

D/ = Dq\J DiVJ D2\J ■ ■ ■ 

where 

Do = {\z\< \a\^} X {w}, Dn = < 1^1 < \a\^} x n = 1, 2, . . . 

Thus Z^o is a disk and n = 1,2,... are annuli such that -Dn+i = 
X (1, 1/6), n = 1, 2, . . .. Hence the Dn, n = 1, 2, 3, . . . are conformally 
equivalent and, as n — ?■ oo, they wind around and converge to in Ti. 

Following T. Ueda, we consider the following real-valued function f/[2, w] 
on H*: 

U[z, w\ = —r - — for [z, w\ en . 

log|a| log|o| 

This has the following properties: 

(1) f/[z,u7] is a pluriharmonic function on "H* satisfying 

lim U[z, w] = +00 and lim U[z, w] = — oo, 

thus for any interval / d (—00,00), the subdomain U~^{I) of T-L* is 
relatively compact in T-L*. 

(2) := Max{U[z,w],—U[z,w]} is a plurisubharmonic exhaustion 
function for "H* which is pluriharmonic everywhere except on the Levi- 
flat set 

log 1 2; I log|w| 
log|a| log |6| 

(3) For c G (—00, +00), the level set 

Sc : U[z, w] = c 

is equal to \w\ = k\z\P where k = e~'^^°^l^l > 0. Thus {/ci|2;|'' < \w\ < 
k2\z\'^} is equal to f/~^([ci, C2]) where ki = e~'^*^°^ I''!; while {\w\ < 
k\z\P} is equal to t/~^([c, +00)) U T^; and {\w\ > klz]''} is equal to 
U^\{-oo, c])) U Th where k = e-^'°g I''!. 

From (2) and (3), each of the domains D in (a-1), (a-2') and (a-2") in the 
statement of Theorem 11.11 contains a compact, Levi-flat hypersurface Sc for 
appropriate c; hence each such D is not Stein. 



i.e., \w\ = \z\^ in "H*. 
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3 Preliminary results 



In this section, we discuss two basic results which we will need. The first 
concerns holomorphic vector fields in "H, while the second concerns general 
pseudoconvex domains with C"^— smooth boundary in C^. 

We consider the linear space X of all holomorphic vector fields X of the 
form 

d d 
X = az— + /3w——, a,/3eC 
oz ow 

in C* X C*. Any such X clearly induces a holomorphic vector field on T-i. 
The integral curve of X with initial value (2:0,^0) G C* x C* is 

{ z = Zoe"\ 
{zo, Wo) exp tX = < t eC. 

I w = woe'^ , 

Therefore, if, for example, a 7^ 0, we can write 

w = cqz^^" where Cq = Wq/zq^°'. 

The integral curve [2:0, Wq] exptX of X in "H with initial value [zq, wq] is equal 
to {w = coz^/"}/ ~ in n*. 
In particular, we consider 

X„:=(log|a|)^^ + (log|6|)«;^. (3.1) 

The integral curve of Xu with initial value (1, 1) is 

Thus w = z^. We set a„ := {exptX„ : t G C}/ ~ C "H* and denote by 
Su the closure of a„ in %. For future use, we define the linear subspace 
Xu = {cXu : c G C} of X. 

The next lemma gives more precise information about the integral curves 
and will be crucial in the proof of Lemma [4.2[ Recall for rational p = j^j , 
we write p = q/p, p > 1, {p,q) = 1 and r := {{q/p) aiga — arg6)/27r was 
defined in (O]). 

Lemma 3.1. 1. For Xu = (log \a\) z + (log \b\)w^ we have: 

6 



(1) In case p is irrational or r is irrational, S„ = {\w\ = \z\''}/ ~ is 
a real three-dimensional Levi-flat closed hypersurface in H* with 

(2) If T is rational, then au is a compact curve in W which, as a 
Riemann surface, is equivalent to a one- dimensional torus. 

2. For X = cez-^ + /3w-^ ^ {cX^ '■ c E C}, the integral curve a := 
{exp tX : t G C}/ ~ m "H* is not relatively compact in "H*. // we let 
S denote the closure of a in Ti, then: 

(1) Ifa,Py^ 0, we have S D T„ U T^. 

(2) If only one of a or 13 is not 0, e.g., a ^ and 13 = 0, we have 
S D Ta and S n Tf, = 0. 

The proof of Lemma 13.11 is in Appendix A. 

The following conclusions from Lemma [3TT] and the argument in Appendix 
A will be needed in proving the key Lemma 14.21 

(a) If p in (11. ip is in Case a or Case (bl) in Theorem 11.11 i.e., either p is 
irrational or p is rational and r in (11. 2p is irrational, then 

■H={[j {\w\ = c\zn/ ^)UiTaUT,) 
ce(o,oo) 

and this is a disjoint union. Here Sc := {\w\ = c\z\^}/ ~ is the closure 
of the integral curve cr[zo, wq] = [zq, wq] exp tXu with c = Ituo/^^o I in 
Sc is a real three-dimensional Levi fiat hypersurface in T-L (and hence 
Sc <^ ^*) which is biholomorphic to Si in Ti. We set Eg = and 
Soo = Tb so that n = IJce[o,oo] ^c- 

{/3) If p in (11.11) is in Case (b2) in Theorem 11.11 so that r in (ll.2p is ra- 
tional, then for [zqj^o] ^ ^^*, the integral curve [zo,Wo]exptXu in T-L* 
is given by o"c := {w = cz^}/ ~ with c = Wq/zq which, we recall, is 
biholomorphic to the torus a^. Setting K := {e^'^'^''^'^}k=o,i,...,u-i where 
u was defined in Case (b2), we have o"c = o"c' if and only if c/c' G K. 
Considering C*/K as Riemann surface equivalent to C* and writing 
c = cK, we have "H* = Ucec* and this is a disjoint union. We note 
that Ta = [zq, 0] exptXu where 2:0 7^ and T;, = [0, wo] exptXu where 
Wq 7^ 0. We set (To = and (Too = Tf, so that Ti = Ucepi "-""c- 
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We now turn to an elementary property of a pseudoconvex domain D 
with C"^— smooth boundary in C^. In = x C^^, we consider disks 

Ai = {|2|<ri}, A2 = {|w|<r2} 

and the bidisk A = Ai x A2. Let D be a pseudoconvex domain with 
boundary in A. We do not assume D is relatively compact. Thus there exists 
a C"^— smooth, real-valued function ip{z,w) on A such that 

D = {{z,w) e A : ij{z,w) < 0}; 
dD n A = {{z,w) e A : ipiz, w) = 0}, 

and on tlj{z,w) = we have both \/ ^z, 10)4^(^,10) 7^ and the Levi form 
Cip{z,w) > 0. We write out this last condition: for 

dzdz dw \ dzdw &z dw J dwdw dz ' 



we have Cip{z,w)>0 on ■ip{z,w) = 0. (3.2) 
We may assume 

V'(0,0)=0 and ^(0,0)7^0 
oiu 

so that {w : ip{0,w) = 0} is a C"^— smooth simple arc in A2 passing through 
w = 0. 

We set S -.= 80 A, 

D{z) := {w e A2 : {z,w) e D} C A2; and 
S{z) := {w E A2: iz,w) eS} C A2, 

so that D = UxgAi (-2, -0(2)) C A and S = ^zeAi{z, S{z)) C A. Taking 
ri,r2 > sufficiently small we can insure that 

(i) for each z E Ai, D{z) is a non-empty domain in A2 and S{z) is a 
C"^— smooth open arc in A2 connecting two points a{z) and b{z) on 
dA^; 

(ii) E S{0). 

We also need to assume the following condition for Lemma [3.21 



8 



[iii) ip{z,0) ^ in Ai, hence, for any disk = {\z\ < r} C Ai, there 
exists zq G 6i with ^ ^(^o)- 

Under these three conditions we have the following. 

Lemma 3.2. For any disk 6i = {\z\ < r} C Ai, there exists a disk 
62 = {\w\ < r'} C A2 with 

U S{z)D D{0)n52. 
zeSi 

The proof of Lemma [312] is in Appendix B. This result will be used in proving 
Lemma 14.11 

4 Construction of the plurisubharmonic ex- 
haustion function —X[z^ w] on D 

Let (a, /3) G C* X C*. If we define 

(a, (3) : [2;, w] G "H H- [az, (3w] G "H, 

then is an automorphism of "H. Thus C* x C* acts as a commutative 

group of automorphisms of "H with identity element e = (1,1). Although 
C* X C* is not transitive on "H, it is transitive on "H*. Hence "H* is a com- 
plex homogeneous space with Lie transformation group C* x C* which acts 
transitively. This is the setting of Chapter 6 of pQ . For any [z, w] G "H* the 
isotropy subgroup I[z,w] of C* x C* is 

J[,,^] : = G C* X C* : {a,(3)[z,w] = [z,w]} 

= {(a", 6") G C* X C* : n G Z} 
= J in f l23|) . 

and thus is independent of [z,w] G "H*. We have 

n* = (C* X C*)/X. 

In what follows we will generally consider the restriction to C* x C* of the 
Euclidean metric ds^ = \dz\'^ + {dwl"^ on C^, and we fix a positive real- valued 
function c{z,w) of class on C^. This allows us to define c— harmonic 
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functions and thus a c— Green function and c— Robin constant associated to 
a smoothly bounded domain d C* x C* and a point pq e fl {if fl C* x C* 
we define these by exhaustion); cf., chapter 1 of [1]. Varying the point po 
yields the c— Robin function for Q. However, we remark that any Kahler 
metric dS"^ and positive function C{z,w) of class C"^ on C* x C* gives rise 
to a C— Green function and hence a C— Robin function on Q; this flexibility 
will be used in the 4*^^ case of the proof of Lemma 14.31 For simplicity, we will 
always take c{z,w) (or C{z,w)) to be a positive constant. 

In this section we always assume that D dl-i is a pseudoconvex domain 
with C^— smooth boundary in %. Our first goal is to construct a plurisub- 
harmonic exhaustion function for D. We note, as observed at the end of 
section 2, that 

if D D Ta or D D Tfe, then D is not Stein. 

We define 

D* ■=Dn{zw ^0} cn* 

(see f l2.ip ). The distinction between D d l-L and D* C l-i* will be very 
important. Since [z, w) E C* x C* defines an automorphism of Ti, for [z, w] G 
D we can define 

D[z,w] = {(a,/3) eC* xC* : {a,f3)[z,w] e D} C C* x C*. 

Equivalently, using the notation D (iTa = Da x {0}, -D fl = {0} x Db, 
Ax = {a^'z : z e Da, n G Z} C C* and A, = : w e Db, n G Z} C C^, 

we have 



D[z, w] = ((-,-)■ D) X I if [z, w] G D*; 

^ z w 

D[z, 0] = {-^Da, C*) X X = (i Da) X C; if [z, 0]eDn T,; 

D[o, w] = (C*, -Db) X X = c: X (- A) if [0, w]eDn Tb. 
w w 

We note the following: 

;i) If e G then D[e]=D\ {zw = 0} = D*; and [z, u^G D if and only if 
e G -D[z, w] (recall the definition of D (and hence D*) in (E 
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(2) For each [z^w] G -D, D[z^ w\ is an open set with boundary dD[z, w\ 
but it is not relatively compact in C* x C*. We have 

(i) D[z,w] = D[z,w] X X; 

(ii) For [z, w] G D* we define 

D*[z,w] = G C* X C* : {a,^)[z,w] G D*}. 

Then D[z,w] = D*[z,w]. 

(3) (i) For [z, w] G D* we have 

D[z,w] = D*x{-,-) , (4.1) 
and for [z^w]^ [z',w'] G -D* 

P' 7/7 

Z}[^',.^'] = (-,-)D[^,^]. (4.2) 

z w 

In particular, the sets D[z,w\ for [-z, w] G D* are biholomophic in 
C* X C*. 

(ii) For any two points [z, 0], [z', 0] G D n 

D[^',0] = (^,1)D[^,0]. 

In particular, the sets D[z, 0] for [2, 0] G -D fl are biholomophic 
in C* X C*. 

(3) Fix [zo, 0] e Dr\Ta and let [2;^, w„] G £>* (n = 1, 2, . . .) with [2^, Wn] 
[zo,0] as n — )■ 00 in "H. For < r < R, consider the product of annuli 

A{r, R) : {r <\z\ < R} X {r <\w\ < R} CC* X C*. 

Then 

lim dD[zn, Wn] n A{r, R) = dD[zo, 0] n A{r, R) (4.3) 

n— >oo 

in the Hausdorff metric as compact sets in C* x C*. 
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We set 



V ■ 



U {\z,wlD[z,w]). 



(4.4) 



This is a pseudoconvex domain in D x (C* x C*) which we consider as a 
function-theoretic "parallel" variation 



Since e & D[z, w] for [z, w] G -D, we have the c-Green function g{\z, w], rf)) 
with pole at e and the c- Robin constant A[2;,w] for {D[z,w\,e) with respect 
to the metric ds^ on C* x C* and the function c{z, w) > 0. We call [z, w] — )■ 
X[z, w] the c-Robin function for D. 

The function —X[z, w] is a candidate to be a plurisubharmonic exhaustion 
function for D. To be precise, we have the following fundamental result. 

Lemma 4.1. 

1. —X[z,w] is a plurisubharmonic function on D. 

2. We have the following: 

(a) For any [zq.wq] E dD* , lim[^,^]_^[^Q,^„] \[z,w] = -oo. 

(b) If ^ ^ dD r\Ta ^ Ta then for any [^0,0] G n we have 
\mi^z,w]^[zofl] \[z,w] = — oo (and similarly ifTa is replaced by T^j. 

3. If dD ^ Ta and dD ^ Tf,, then —X[z,w] is a plurisubharmonic ex- 
haustion function for D . 

Proof. Note that 3. follows from 1. and 2. We divide the proof of 1. into 
two steps. 

1** step. —X[z,w] is plurisubharmonic on D*. 

Fix [Co] = [zo,Wo] G D*. Let a G \ {0} with ||a|| = 1 and let B = 
{\t\ < r} C Ct be a small disk and let {z{t),w{t)) = (q + at be such that 
the complex line I : t E B ^ [Of)] = [zif))'U}{t)] = [Co] + at passing through 
[Co] is contained in D*. It suffices to prove that — A(t) := —\[z{t),w{t)] is 
subharmonic on B, i.e., 



V ■.[z,w] E D ^ D[z,w] C C* X C*. 



d^x{t) 



on B. 



dtdt 
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For brevity we write 



D{t) := D[C{t)] C C* X C* forte 5; 
g{t,{z,w)) :=g{[C{t)],{z,w)) for {z,w) G D[C{t)]. 



By (14 ■2p we have 

«W = ^K»l(Jy.^) mC-xe. (4.5) 

We thus have the parallel variation of domains D{t) in C* x C* with 
parameter t E B: 

V\B:teB ^ D{t) CC* X C*. 

We write 

V\b := U (t, D{t)y, dV\B=\J {t, dD{t)) in Ex (C* x C*), 
t&B teB 

where again we identify the variation with the total space T>\b. By fl4.4p . V\b 
is a pseudoconvex domain in S x (C* x C*) such that dV\B is smooth. 
Using the notation ( = {z,w) G C* x C* and g{t,Q = g{t, {z,w)), we have 
the following variation formula from Theorem 3.1 of [1]: 



d^Xjt) 
dtdt 



-cj K^itXm^gitXWdS^ 

JdD{t) 



2c. 



D{t) 

f 



f\d'g{tX)^2 


^fg{t,0^2\ 


V dtdz ' 


' dtdw ' / 


c(oi*:;'^'i 


\^dV(;. 



Here l/c2 is the surface area of the unit sphere in C^; c/V^ is the Euclidean 
volume element in C^; 

K,{tx) = c{tx)/\\v^^{t,or 

where C{t, () is the "diagonal" Levi form defined by 
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and ip(t, is a defining function of Vis- The quantity K2(t, () is independent 
of the defining function ip(tX) (cf., Chapter 3 of P). Since V\b is pseudo- 
convex in 5 X (C* X C*), following Theorem 3.2 of [1] we have K2it, C) > 
on dV\B and hence < on 5, proving the first step. 

Since c{z,w) > in C* x C*, the variation formula immediately implies 
the following rigidity result which will be useful later (cf., Lemma 4.1 of [1]). 

Remark 4.1. // Q{0) = 0, then |f(0, {z,w)) = on D{0), i.e., 

2nd gi^p^ Plurisuhharmonic extension of —\[z^w\ to D. 

We fix a point of D n [(T„ x {0}) U ({0} x T^)]), e.g., [zq, 0] with zq ^ 0. Let 
[zn, Wn] & D* (ra = 1, 2, . . .) with — )■ [zq, 0] as n — !■ oo. By f l4.3p 

lim {g{\zn,Wn], - g{\zQ,Q\, = 

n— >oo 

uniformly for (a, (3) in K D[zq, 0] C C* x C*. 

It follows that lim„_,.oo \[zn, w^n] = A[zo, 0], i.e., \[z, w] is continuous and finite 
at [zqjO]. Hence A[2;, w] is continuous and finite- valued on D. Since D fl 
is a complex line, it follows from the first step that — A[2;,ty] extends to be 
plurisuhharmonic from D* fl to D fl T^. Hence — A[2;,w] extends to be 
plurisuhharmonic on D. □ 

We divide the proof of 2. in two steps; the first step is 2 (a). 

1"** step. Fix [z\w'] e dD* . If [z,w] e D ^ [z',w'] in T-L, then \[z,w] 
— oo. 

Since [z',w'] e dD*, we have z' and w' ^ 0. If \z,'w\ e D* tends to 
[z' , w'] in then dD[z, w] C C* x C* tends to the single point e in the sense 
that if we define c?[2;,w] = di?,t{d D[z,w\,e) > 0, where 

dist{dD[z,w],e) := Mm { - IP + |r/ - 1}2 : (^,r/) G dD[z,w]}, 

then d[z, u;] — )■ as [z, w] — )■ [z', w']. Indeed, let [z, w] E D approach [z' , w'] in 
Ti. By slightly deforming the fundamental domain J-" C C* x C* if necessary, 
we may assume {z', w'), {z, w) G J-". Since 

dD[z, w] = {(^, ^) G C* X C* : [a, 13] G dD} 
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and [z\w'] E dD*, 



d[z, w] = dist{dD[z,w],e) < ^/\z'/z - ip + \w'/w - ip 

which clearly tends to as [z,w] — )■ [2',^']. Since dD[z,w] is a smooth real 
three-dimensional hypersurface, it follows by standard potential-theoretic ar- 
guments that — A[2,w] — !■ -|-oo. □ 

It remains to prove 2 (b). Thus we assume 7^ dD fl 7^ T^. 

2'^'^ step. Fix [20, 0] G n Ta. // [2, w] E D ^ [zq, 0] m H, then \[z, w] 
—00. 

For the proof of this step we require Lemma 13.21 Fix po = [2^0,0] G 
dD n Tq. We want to show 

lim A[2, w] = —00. 

[z,w]^[zo,0], [z,w]eD 

We take a sequence {[2;„,w„]}„ C D which converges to po in "H. We show 

lim X[zn,Wn] = —00. (4.6) 

n— >oo 

From continuity of X[z, w] in D, it suffices to prove (14. 6 P for [2^, w„] G D*. 
Moreover, since dD[zn, Wn] is smooth, as in the end of the first step, we need 
only show 

lim dist {dD[zn,Wn],e) = 0. (4.7) 

Before proving (14. 7p . we offer an example to explain the subtlety of the 
problem. We encourage the reader to draw a picture to illustrate the following 
situation. Let D be a domain in T-L with smooth boundary but which is not 
pseudoconvex. Precisely, we assume D has the property that dD fl is a 
smooth curve in passing through a point [2:0) 0] where 1 < \zo\ < \a\. We 
can find a bidisk 6 := 61 x 62 = {\z — Zo\ < ri} x {\w\ < C J-" with ri,r2 
sufficiently small so that Di := D H 6 is of the form Di = Uze5j^{z, Di{z)) 
where Di{z) C 62 and dDi{z) is a non-empty smooth arc in 62- We assume 
that, for each z E 61 

Di{z) D Di{zo) D ^2 n {3?w > 0} =: ^2*. 
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We can find a sequence in Di with m„ = 3?w„ > which con- 

verges to the point {zq, 0) G dD. Fix r[ : < r[ < ri/\zQ\. By definition 

and for sufficiently large n, say n > no, 

E := G C*xC* : |Z-1| < ri, \W-1\ < 1/2} C (l/^„, l/u„,) (5i x 5^. 

If we let A denote the c- Robin constant for the domain in C* x C* and the 
point e = (1, 1), it follows that \[zn,Un] > A for n > no, so that — A[2;, w] is 
not an exhaustion function for D. 

Returning to the proof of (14. 7p . we will use Lemma [3^ and the pseudo- 
convexity of the domain D in Ti. We may assume that po = [zq, 0] G dD 
lies in the fundamental domain J-" and we take a sufficiently small bidisk 
A = Ai X A2 with center {zq, 0) so that A C J-". Let ip{z,w) be a defining 
function of D in A, i.e., ^p{z,w) G C"^(A) with D n A = {^jj{z,w) < 0} and 
dD n A = w) = 0}. Since dD is smooth in "H, we have two cases: 

Case (cl) : ^ ^ on A; Case (c2) : ^ ^ on A. 
oz ow 

Apriori, we also have two cases relating to the behavior of ip{z, 0) on Ai: 

Case (dl) : iIj{z,0)^0 on Ai; Case (d2) : V(^,0) = on Ai. 

However, the hypothesis dD 7^ in 2 (b) together with the real-analyticity 
of dD imply that Case (d2) does not occur. Thus it suffices to prove (14. 7p 
assuming that 0) ^ on Ai. 

Proof of ( 1^. 7p in Case (cl): 

In this case, by taking a suitably smaller bidisk A if necessary, l{0) := 
{ip{z, 0) = 0} is a C"^— smooth arc in Ai passing through z = zq and /(O) x 
{0} cdDnA. For w G A2, 

l{w) := {z G Ai : {z, w) E dD D A}. 

is a simple C^— smooth arc in Ai. 

Fix e > 0. Since ^o 7^ 0, we can find a disk 61 G Ai with center zq such 
that 

z' 

I— - 11 < e for all z', z" G 61. 
z" 
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Now we take S2 '■ \w\ < r < e in A2 so that each arc l{w) passes through 
a certain point C{w) in 61. For sufficiently large uq, ii n > uq we have 
{zn,Wn) G 5i X 62. Since Wn G 62, we have C(^n) £ ^(w^n) H (5i so that 
(CK),w^n) e in -H. Hence, ^) = (^,1) G 9D[^„,w;n] in 

C* X C*. Thus 

dist {dD[zn,Wn],e) < dist ((^^^,l),e ) = 1^^^ -l\<e forn > no- 
Proof of ^7l\) in Case (c2): 

In this case, by taking a suitably smaller bidisk A if necessary, S{zq) := 
{ifj^ZQ^w) = 0} is a C"^— smooth arc in Ai passing through w = Q and 
{zq} X S{zo) cdDnA. For z e Ai, 

S{z) := {u; G A2 : {z, w) e dD f] A}, 

is a simple C"^— smooth arc in A2. 

Fix 61 := {|2 — 2;o| < '''i} -^(^o)- Case (dl) corresponds to the condition 
{in) in Lemma 13. 2[ thus this lemma implies that there exists a disk 62 '■= 
{\w\ < r2} such that 

[jS{z)D D{zo)nS2. (4.8) 

z€5i 

Fix e > 0. Taking ri sufficiently small, we can insure that 

\z'/z" -1\<6 for all z', z" e 61. 

Take a disk 62 C A2 satisfying (14. 8p . For sufficiently large Uq, if n > uq we 
have (zn,Wn) G 5i X We divide the points Wn G 62 into two types: 

Case (i) : U7„ G ^2 H -D(;Zo); Case (ii) : u^n G ^2 \ D{zq). 

In Case (i), using fl4.8p we can find z* G (5i with w„ G 5'(2;*) so that 
{z*,Wn) G c}Din'H(see w„, 2;*, 9D(z*) in the figure below). Thus, {z* /zn,Wn/wn) = 
{z*/zn, 1) in dD[zn, Wn] in C* x C* and hence 

dist {dD[zn,Wn\,e )< dist {z* /zn,l),e ) = \z* / Zn — 1\ < e for all n > uq. 

In Case (ii), let i = [zn, zq] be a segment in 61. We can find z* E i with 
Wn G dD{z*). Indeed, as z goes from 2;^ to zq along £, the arcs dD{z) fl ^2 
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transform from dD{zn) H 82 to OD^Zq) (1 62 in a. continuous fashion. Since 
[zn,Wn] e D*, we can find z* e i with Wn G dD{z*). 

Thus {z*,Wn) G dD*, so that {z* / Zn, 1) G 9D*[z„, and hence 

dist {dD[zn,Wn],e ) < dist [z* j z^, l),e ) = \z* j Zn —\\<e for all n > no, 

which is (14.71) . This completes the proof of 2 (b) in Lemma [4.11 □ 

We next relate the possible absence of strict plurisubharmonicity of the 
function — A[2;, w] on a pseudoconvex domain D in at a point in D* with 
existence of holomorphic vector fields on H with certain properties. This 
is in the spirit of, but does not follow from. Lemma 5.2 of [1]. Recall that 
in the case p is rational and r is rational, we defined ac '■= {w = cz^} / ~ 
to be the integral curve [zq, w^o] exp tX„ with c = Wq/z^ 7^ 0, 00 of Xu := 
(log|a|)zf + (log|6|)^^. 

Lemma 4.2. Let D he a pseudoconvex domain with C^— smooth boundary in 
and let X[z,w] be the c-Robin function on D. Assume that there exists a 
point Pq = [zq,Wq] in D* at which —X[z,w] is not strictly plurisubharmonic. 

(1) There exists a holomorphic vector field X = az-^dz + /Sw-^dw 7^ 
on Ti such that if [z,w] G D* {resp. dD*), then the integral curve 
I[z,w] := [2;, wjexptX in H is contained in D* {resp. dD*). We say 
X is a tangential vector field on dD* . 

(2) The form of the vector field X in (1) and the domain D are determined 
as follows: 

(i) if dD 7^ Ta o-nd dD ~^ T^, then X = cXu for some c 7^ with X^ 
in lis. If p is irrational or p is rational and t is irrational, D is 
of type (a-1) or of type (bl) in Theorem \l.l[ If p is rational andr 
is rational, D is of type (b2) .■ D = Uces o"c where 6 is a relatively 
compact domain in C* with smooth boundary. In all cases, we 
have dD n (T^ U T^) = 0. 

(a) if dD D Ta and dD ^ Tf,, then we have two cases: 

(ii-a) X = cXu for some c 7^ and D is of type (b2).- D = Uce^o"^ 
where 6 is a domain m = C U {00} with smooth boundary 
d6 which contains but not 00. 
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(ii-b) X = cz-^ for some c ^ 0. Then D is a domain of "Ne- 
mirovskii type": h > \ and D = Cz y< {Au + Bv < 0}/ ~, 
where A,B eR with {A, B) 7^ (0, 0) (here w = u + iv). 

(a') if dD D Tb o,nd dD 7^ T^, we have the result analogous to (ii). 

(Hi) If dD D TaUTfe, then X = cX^ for some c and D is of type (b2); 
D = Uces o"c where 6 is a domain in with smooth boundary 85 
with 0, 00 e d5. 

Remark 4.2. With respect to the Nemirovskii-type domain in (ii-b), we recall 
Nemiroviskii's theorem in f^. Let a > 1 and let = l-La^a- Then the domain 
D = Cz X {^w > 0}/ ^ G H is Stein and dD is Levi-flat. At the end 
of section 4 we will discuss an explicit example of such a domain which will 
illustrate some of the ideas used in the proof of Theorem \l.l[ 

Proof. Since A[2;, w] is plurisubharmonic on D and is not strictly plurisub- 
harmonic at po = [-2^05 "U^o] ^ D* ■, we can find a holomorphic vector field 
X = az-^dz + (3w-^dw 7^ on "H such that 



We shall show that this X is a tangential vector field on dD*. Since po ^ 
D*, we can take a small disk B = {\t\ < r} with pQexptX C D* for t G 
B. We set D{t) = D[poexptX] C C* x C* so that D{0) = D[po]. We 
let g{t, {z,w)) (resp. X(t)) denote the c-Green function g{[poexptX], {z,w)) 
(resp. the c-Robin constant \[poexptX]) for {D(t),e) and t E B. We set 
T?\b = Utesit, D{t)) G B X (C* x C*) which we consider as the variation 

V\b: teB ^ D{t) = D\poexptX] G C* x C*. 

By (li^ we have 

D{t) = D[poexptX] = D[[zo,wo]exptX] 

= D[zo, Wo] exp(-tX) = D[zo, wq] (e""*, e"'^*) in C* x C*. 

Using the same reasoning as in the first step of the proof of Lemma 14.11 
together with Remark l4.1l we see from (14 .Qp and the real analyticity of dV\B = 
UteB{t,dD{t)) in 5 X (C* x C*) that 



9^A[ poexptX ] 
dtdl 



t=o 



0. 



(4.9) 



dg{t, {z,w) 
dt 



on D[zo, Wo] U dD[zo,wo]. 



(4.10) 
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For a fixed t & B we consider the automorphism 

{Z,W)^{z,w) = F{t,{Z,W)) 

of C* X C* where 

Fit, (Z, W)) := (Z, W){-,-) exp(-tX) = '-^^) . 

Then 

(z, ^ (Z, W^) = w)) = (^zzoe''\ wwoef^'^ . 

By (14. ip we have 

D(t) = D* (-, — ) exp(-tX) = D* ( , ) in C* x C*, 

^0 Wo' ^ zq Wo ' 

so that D{t) = F{t,D*). We note that 5* c C* x C* is independent of 
teB.We set 

G{t,{Z,W)) := g{t,{z,w)) where {z,w) = F{t,{Z,W)), {Z,W)eD*. 
Since 

g{t, {z, w)) = Git, F~\t, iz, w)) = Git, (zzoe"*, wwoe^')), 

we have 

f)G f)G r)C 

= —it, iZ, W)) + —it, iZ, W))azzoe-' + ^(t, (Z, W))Pwwoe^' 

f)G f)G f)G 

= ^it, iZ, W)) + aZ^it, iZ, W)) + PW^it, iZ, W)) 

where (Z, W) = F~^it, iz,w)). Since, for each t E B, 

Git,iZ,W)) = Q ondD*, (4.11) 

we have 

— it,iZ,W)) = ondD*. 
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It follows from ( KW\i that 

aZ— (0, (Z, W)) + ^W^{0, (Z, W)) = on dD*. 

Together with f l4.1ip . this says that the holomorphic vector field 

d d 

X = aZ— + l3W- 



dZ ' dW 

considered_as a vector field on on C* x C*, satisfies^he property that for any 
vS) G dD* ^ the integral curve (2;, vS) exptX C dD* for all t G C. It follows 
that for any (z, vS) G -D*, the integral curve (z, vj) exptX is contained in D*: 

D* exp tX = D*, for all t G C. 

Hence X is a tangential vector field on dD*. 
This implies 

D[[z,w]exptX] = D[z,w] C C* x C*, for alH G C (4.12) 
if [z,w] G D* since 

D[[z,w]exptX] = D* {-,-) exp(-tX) = D* (-,-) = D[z,w]. 

But for [z,w] G D* (resp. 91^*) it is clear that 

[z,w]exptX C D* (resp. in H 

if and only if 

{z,w)exptX C 5* (resp. ^5*) in C* x C*, 

which proves that X, as a holomorphic vector field on "H, is a tangential 
vector field on dD*, verifying (1) of Lemma [4.2[ 

To prove assertion (2) we first observe by (14.12^ 

A[2;, w] = A[[2, w] exp tX], for alH G C 

for any [z,w] G D*. In case (2)(i) in Lemma [4.2[ from 3 in Lemma the 
Robin function — A[2;, w] is an exhaustion function on D, and it follows that 

{[z,w]exptX : t G C} d D for [z,w] G D*. (4.13) 
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We now prove (2) (i). First we show that X = cX^ for some c 7^ 0. If not, 
i.e., if X ^ {cXu : c G C*}, we take [z, w] G dD* and let a = [z, w] exptX be 
the integral curve of X passing through [2;, w]. From Lemma [3.11 part 2 (2), 
the closure S of a in contains or T;,, which contradicts the hypothesis 
dD ^ Ta and dD ^ Tb of (2) (i) in Lemma O Thus X = cX„ for some 

By fl4.13p . for [z,w] G D* the closure of the integral curve : = 

[z,w] exptXu is compactly contained in D and hence lies in D*. It follows 
from (a) and in section 3 that we have 

(a*) D* = \^ {\w\ = c\z\^}/ ~, where / is an open interval in (0, 00); or 

(/?*) D* = \^ {w = cz''}/ ~, where 5 is a domain in C*. 
ces 

We next show that if D fl 7^ then D D Ta, contradicting the hy- 
pothesis in (2) (i). Thus let [zo,0] G D DTa- Let U, V be sufficiently small 
disks such that 

{zo, 0) eU xV =:U X {\w\ <r} m DnE2 

where recall E2 = {l<\z\ < \a\} x {\w\ < \b\} C We show that there 
exists r' with < r' < r such that 

G := {{z,w) e E2 : 1 < \z\ < a, < \w\ < r'} C D. (4.14) 

We set 

A := {c = w/zP eC* : {z,w) eU X {0 < \w\ < r}, 

so that A contains a punctured disk 6' := {0 < |c| < r'} in C. Here we can 
take, e.g., r' = r/\zo\ and we show this r' works to achieve (14.141) . Using (1) 
in Lemma [4.21 we have [z, w] exptXu G D for [z , w] & U x {0 < \w\ < r} . To 
verify (14.141) . given [2:0, Wq] G G, we have Cq := Wq/zq G 5' C A. Thus we can 
find {zq,Wq) G t/ X {0 < |w| < r} with Cq = wy{zQ)P. It follows that 

[zq, wq] exptXu = {w = CqZ^}/ ~ = [zq, w'q] exptXu C D. 

In particular, [zq, Wq] G D; hence 04.141) is proved. 
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Suppose D ^ Ta- We use the pseudoconvexity of D to derive a contra- 
diction. Observe that -D(O) := D fl is a domain in whose boundary 
/ consists of smooth real one-dimensional curves. Fix z' G -D(O) near I. Let 
D[w) denote the slice of D corresponding to w for < \w\ < r'. We consider 
the Hartogs radius r{w) for D{w) centered at z'. By fl4.14p . r(0) < r{w) 
for < \w\ < r'. Since D (1 E2 is pseudoconvex in E2, this contradicts 
the superharmonicity of r{w). A completely similar argument shows that if 
D n Tb ^ then D D T^. Thus either D = D* as in (a*) or or D\D* 
consists of Ta, Tb, or U with D* as in (a*) or (/?*). We verify that 
D \ D* = Ta cannot happen; entirely similar proofs show that D \ D* = Tb 
and D\D* = TaUTb cannot occur. Indeed, iiD\D* = T^, then dD = T„, 
which is a complex line. However, dD is assumed to be smooth; hence it 
must be a real three-dimensional surface. This completes the proof of (2) (i). 

To prove (2) (ii), we note that under the condition dD D Ta and dD ~^ 
Tfe, from Lemma [3.11 we have either X = cX^ with c 7^ or X = az^ with 
a 7^ 0. Using the same reasoning as in the proof of 2 (i) we conclude that 
D cannot be of the form in Case a nor of the form in Case (bl) in Theorem 

o 

If X = cX^ with c 7^ 0, then D* is of the form Since dD D T„ 

and dD ^ Tb we arrive at the conclusion in (2) (ii-a). On the other hand, if 
X = az^ with a 7^ 0, we first observe from the facts that dD D Ta and dD is 
C"^— smooth, for any zq G C* the slice of dD over z = zq contains a curve 
C{zo) C passing through the origin w = 0. We can find a sufficiently 
small disk V := {\w\ < tq} so that C(zo) divides V into two parts V and 
V" with {^o} xV C D and {^o} x V" C D^. We set C{zo) := C{zo) nV. 
By (1) in Lemma |M] we conclude that C* x V C D and C* x V" C D". 
Thus C* X C{zo) C dD, which implies dD n (C* x V) = C* x C{zo) and 
Dn{C* xV) = C* X v. 

We use this geometric set-up to show that b must be a positive real number 
(hence b > 1). To see this, fix a point Wq G C{zo) (resp. V^') with wq 7^ 0. 
Since (2:0,^0) G dD (resp. V), we have C* x {wq} C dD (resp. D). In 
particular, {a"'Zo,Wo) G dD (resp. -D) for any n G Z. Hence (2:0, ii'o/^") £ ^-D 
(resp. D) for any G Z. Since |6| > 1 we can take N sufficiently large so 
that Wo/b^ G V. It follows that Wq/^" e ^(zo) (resp. V) for any n> N. 

We first show that 6 is real. If not, let b = \b\e'^'^ where \b\ > 1 and 
< 101 < vr. We set Wq = Iwole^"^". Let no = e*^° be a unit normal vector 
to C{zo) at u; = pointing in to V". Since C{zo) is smooth, we can find ri 
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sufficiently small with < ri < rg so that the sector e := {re*^ : < r < 
ri, 1^ — < 27r/3} is contained in V". For any A^' G Z, it is clear that there 
exists n' > N' satisfying 

|((^o - n(f)) -0o\<27i/3 modulo 2tt. (4.15) 

We take N' > N so that |wo|/|&|^ < '''i, and then we choose n' > N' with 
property fl4.15p . Then Wq/^" G e C V", which contradicts the fact that 
wq/IP' G C{zq). Thus h is real. 

We next show h is positive. If not, we have h < —1. We take wi G V^'\{0} 
close to 0. Then {z^Wi) G D for all z G C*. In particular, [a^ZQ^Wi) G -D 
for any n G Z; hence (^o, Wi/b"') G ({-Zq} x fl D for n sufficiently large. In 
other words, for n > N we have G y. Since 6 < — 1 it follows that 

{wi/b^ : n > N} lies on a line L passing through w = 0. Moreover, if we 
take a sufficiently small disk Vq := {\w\ < tq} C V, then L fl Vq intersects 
the smooth curve C{zo) transversally. At the point w = 0, L (iVo divides 
into two segments L' and L" with L' = (L fl Vq) n and L" = (L n Vq) n r". 
Since b < —1, for n sufficiently large, if G L' then Wi/h^^^ G L". This 

contradicts the fact that wi/h^ G l^' for all m sufficiently large. Thus 6 > 1. 

Consequently, 

w G (7(zo) (resp.l/') — ^ G C{zo) (resp.^') for n = 1, 2, . . .. 

It follows from the smoothness of C{zq) and the fact that 6 > 1 that C{zo) 
is a line Au + = passing through = 0, proving (2) (ii-b). 
To verify (2) (iii), we show 

X G {cXu : c G C} U {az— : a G C} U {l^w— : /3 G C}. (4.16) 

(72; ow 

Once f l4.16p is verified, we obtain 2 (iii) by repeating the arguments in 2 (i) 
and 2 (ii). Suppose X = az-^ + I3w^ ^ {cX„ : c G C} where a 7^ 0, /3 7^ 0. 
We set = A+iB where A, B are real numbers. To get a contradiction, we 
work in the case where A is irrational; the case when A is rational is similar. 
Fix zq G {1 < \z\ < |a|}. Since dD D TaUT;, and dD is smooth, we can find 
a smooth curve i in {\w\ < \b\} containing w = such that {2:0} x £ C dD. 
We fix a disk V := {\w\ < r} with r sufficiently small so that i divides V into 
two parts V and V" where {zq} x C D and {zq} xV" cD". Let i/Jq ^ V 
and for c = wq/zq, we consider the integral curve Uc := {uJ = cz^'^''^}/ ~ 
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of X passing through {zq,wq) in "H. Using (1) in Lemma 14.21 we see that 
(Tc C D. On the other hand, by Remark [5.11 there is a point {zo,w{zo)) G 0"c 
with w{zq) G V", which is a contradiction. This proves fl4.16p and hence 2 
(iii). □ 

Given a pseudoconvex domain D in'H with C"^— smooth boundary, under 
the various cases of (2) of Lemma depending on the relationship between 
the tori Tq, T;, and dD, we want to show that either D is Stein or D is the 
appropriate type of non-Stein domain in Theorem ILII This will be done in a 
series of lemmas. Before proceeding, we recall an important "rigidity" result 
from [T]. 

We let V : t E B —> D{t) C M be a smooth variation of domains 
D(t) G M over B G C where M is a complex Lie group of dimension n > 1. 
Here D(t) need not be relatively compact in M but dD(t) is assumed to 
be C°°— smooth. Assume each domain D{t) contains the identity element 
e. Let g{t, z) and X{t) be the c-Green function and the c-Robin constant for 
{D{t), e) associated to a Kahler metric and a positive, smooth function c on 
M. We have the following from [1]: 

(*1) Assume that the total space V = Utesit, D{t)) is pseudoconvex in 
BxM. //g(0)=0, then^l^^^O onDiO). 

Next let ipltyz) be a C°°— defining function of P in a neighborhood of 
dV = UteB{t,dD(t)). Since dD{t) is smooth, we have 

(^(,.).....||(,.))^(0.,.0) 

for (t, z) G &D = {ip(t, z) = 0}. We have a type of contrapositive of (t*:!): 

(^2) Assume that V is pseudoconvex in 5 x M. If there exists a point 
zo G dD{0) with 

^(0,^0)7^0, (4.17) 

then ^(0) > 0. 

Proof of {i^2). We set zq = {zf, . . . , 2;°); z^ = xl+iy^ and t = ti+it2] we may 
assume ^(0, zq) 7^ 0. We write z' = {z2, ■ ■ ■ , Zn) and z'^ = (2°, ■ ■ ■ ,Zn)- In a 
sufficiently small neighborhood BqxV =: BqX {Vi x V) of (0, Zq) = (0, Zq) 
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we can write dD{t) in the form 

yi = yi{t,xi,z') := Co{t,z') + Ci{t,z'){xi - x?) + C2it,z'){xi - x^f + ... 

where Co(0, z'q) = y^. Using fl4.17l) we may assume ^ 7^ in 5o x (Vi x V). 
By taking a smaller product set Bq x V if necessary we can also assume that 
^^^^ ^ on 5o X v. We set A = fa(0, 4) ^ 0. It follows that 

yi{ti,xi,z') -yi{0,xi,z') 

= (co(ti, z') - co(0, /)) + (ci(ti, z') - ci(0, z')){xi - xo) + {xi - xlf + ■■■ 



ti (^[A + 0{h, z')] + [A^ + 0{t^, z')]{x^ - x?) + . . .| 



We can find a small interval Iq := [— r, r] on the ti small polydisk Vq 

of center Zq in C"~^, and a sufficiently small interval Jq = [x^ — ro,Xi + ro] 
on the Xi-axis such that 

z') - yi(0,xi, 2')! > l^il on Jo X (Jo X Vq). 



Using this estimate, it follows from the boundary behavior of the c-Green 

MM I 
dti lt=o^ 



function g{t,z) and standard potential-theoretic arguments that 



0, and hence ^^(0) > 0. □ 

Returning to the case of a pseudoconvex domain D inH with C"^— smooth 
boundary, we proved in Lemma \A7L\ that under certain hypotheses on dD the 
function —X[z, w] is a plurisubharmonic exhaustion function for D. The next 
lemma shows that if dD hits, but does not contain, one of the tori Tq or T;,, 
and D does not contain the other one, then D is Stein. 

Lemma 4.3. Let D be a pseudoconvex domain in "H with —smooth 
boundary. If^^ dD fl 7^ and D ^ Tb, then D is Stein (and similarly 
ifTa and Tf, are switched). 

The condition D ^ separates into the following three cases: 

(cl) dDnTh = (lS, (c2) dS^dDnTh^Th or (c3) n = T^. 

Proof. We first want to show that if — A[2;, w] is not strictly plurisubharmonic 
in D, then there is point Pq = [zq, Wq] in D* at which —X[z, w] is not strictly 
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plurisubharmonic; then we show this cannot occur so that D is Stein. Let 
■j/^f^;, w] be a defining function for D defined in a neighborhood of dD. We 
divide the proof of the lemma in five cases related to iplz, w] and the subcases 
(cl), (c2), (c3) of the condition D ^ Tb. 

case. Assume there exists [^o, 0] G dD n Ta with zq such that 
neither ^ nor |^ vanishes at (^0,0) and assume case (cl). 

Using (*2), we first prove the following fact in this 1*** case. Assume 
(1,0) G DnTa- Then —X[z, w] is strictly subharmonic at [1, 0] in the direction 
a= (0,1), i.e., 

^|i,.lU>o. 

To see this, we take a small disk 6 := {|r| < r} G Cr and consider the 
variation of domains 

D : r G 5 ^ D{t) := D[1, r] C Q x C^^. 

Note that 

D(t) = 



D* X (1,1/r) if rG(5\{0}; 
DaXC*^ if r = 



(recall D HTa = [Da, 0]). We let A(r) = A[l, r] denote the c- Robin constant 
for (L)(r),(l,l)). We set 2) := U^g5(r,D(r)) and = U^g5(r,(9D(r)). For 
r G 5 \ {0}, we consider the automorphism 

Fr : {Z, w)eC:xCl^ {Z, W) = {Z, -)eC*zX C*y^r. 

r 

From the definition of D{t), we have D{t) = Ft-{D*). We let il){z,w) be 
a defining function for dD in "H; to avoid notational issues we also regard 
tfj^z, w) as a defining function of dD. For r G 5 \ {0} we set 

^T,{Z,W)):=ij{Z,TW) 

which is a defining function for dD\s\{o}. Setting $[0, (Z, W)] := ip{Z, 0), we 
see that <l>[r, {Z, W)] becomes a smooth defining function for the entire set 
dD. We focus on the special point {zq, 1) in dD{0). Then 

I _ (9$ . I _ .dip dip . I 

"(^'W^)"^ I (0,(^0,1)) ~ V^'aiy^ 1(0.(^0,1))" ^~d^'d^ ^) 1(0,(^0,1)) 

= (^(^0, 0), O) ^ (0, 0) by the condition of the 1'* step. 
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Similarly, 



^1(0,(^0,1))"^ 1(0,(^0,1)) 

= 7:— (2;o) 0) 7^ by the condition of the 1"** step. 
ow 

It follows from (^2) that ^J:^^ [1, t] [^-=0 > 0, as desired. 

We next prove that —X[z, w] in D is strictly subharmonic at [1, 0] in any 
direction a = (01,02) G \ {0} with ||a|| = 1 and oi 7^ 0,i.e., 

^^[l + a^r,a,T]l^^>0. (4.18) 

We use the same notation r and ■ip{z, w) as in the case a = (1, 0). We consider 
the variation of domains 

&: Te6^ G{t) := D[1 + aiT, aar] C Q x C^^.. 

Note that 

r 5* X (1/(1 + air), l/(a2r)) ifrGnM;! 
^['^) — i ~ > m case 02 7^ U, 

I /^a X if r = J 

G{t) = [Da X (1/(1 + r))] xC*y^, if Te5 in case 02 = 0. 

We let /i(r) := A[l + air, a2r] denote the c-Robin constant for (G'(r), (1, 1)). 
Our claim is that ^^(0) > 0. 

dz 



We set (3 := U,65(r,G(r)) and (90 = U,e5(r, 9G(r)). Since ^{zo,0) ^ 
and Oi 7^ 0, we can find a point VFo G such that 

ai^o|^(^o, 0) + a2Wop^izo, 0) 7^ 0. 
oz ow 

We note that (^o, Wq) G 9G(0) = (dDa) x C^. We consider 

*(r, (Z, W^)) := ^{{1 + aiT)Z, a^rW), 

which is defined in a sufficiently small polydisk V := 61 x [Ui x Vi) of center 
(0, (2:0, Wo)) in 5 X C| X C^. This is a defining function for d(3 in V. We 
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have 



iO,(zo,Wo)) 




iO,izo,Wo)) 



\{0,{zo,Wo)) 



dip 
dz 



dip 
dw 



■ {a2W) 



J (0,(^o,H/o)) 



ai^o-^(^o,0) + 02^0 



dip 
dw 



(;2o, 0)7^0. 



Using (*2) we conclude that (0) > which proves our claim. 

A similar argument shows that —\[z, w\ in D is strictly plurisubharmonic 
at any point [z, 0] e DflTa. Hence, in case (cl), we conclude that if —\[z, w] 
is not strictly plurisubharmonic in D, there exists a point p' = [z', w'] in D* 
at which — A[2;, i/;] is not strictly plurisubharmonic. Now since dD ^ and 
dD ~f) Th, we are in case (2) (i) of Lemma 14. 21 Hence we have c}Dn(TaUTb) = 
0. This contradicts dDr\Tai- 0; thus D is Stein. □ 

T^'^ case. Assume there exists [^o^O] G dD fl Ta with Zq such that 
neither ^ nor |^ vanishes at [zq, 0) and there exists [0, Wq] G dD fl Tb with 
Wo ^ such that neither ^ nor vanishes at (0, wq), and assume case (c2). 

Using the same argument as in the 1** case we see that —X[z, w] is strictly 
plurisubharmonic at any point [0, w] G DClTf, and at any point [z, 0] G DClTa- 
Thus there again exists a point p' = [^',1^'] in D* at which — A[2;,u;] is not 
strictly plurisubharmonic; and we similarly conclude that D is Stein. □ 

3''"' case. Assume there exists [zq, 0] G dD fl Ta with zq such that 
neither ^ nor |^ vanishes at {zq,0) and assume case (c3). 

Recall 91? D Tfc holds in case (c3). Here we need the function ?7[2;,w] on 
Ti* defined in section 2. Using 2 (b) of Lemma 1411 i.e., for [^o, wq] G dD\Tf,, 



\[z,w] — 00 as [2;, w] G -D — 7- [zo,wo]. 



and property (1) of U[z,w] we see that 



s[2;,w] := ma.x{\[z,w], —U[z,w]} 



(4.19) 
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is a well-defined plurisubharmonic exhaustion function for D. In order to 
prove that D is Stein, we use a result from § 14 in [3]: it suffices to show 
that for any K (£ D there exists a Stein domain Dk with K d Dk C D. To 
construct Dk, we take m > max[z^w]<^K I — w]| and consider 

v[z,w] := max{—\[z,w] + 2171, —eU[z,w]} (4.20) 

where e > is chosen sufficiently small so that v[z, w] = —X[z, w] + 2m on K. 
Again from property (1) of U[z,w], v[z,w] is a well-defined plurisubharmonic 
exhaustion function for D. We take M > 1 sufficiently large so that 

K (E D{M) := {[z,w] G D : v[z,w] < M} and ^ dD{M) DT^^ 

Note that D{M) d D; thus dD D implies that T,, n D{M) = 0; also 
dD{M) is piecewise smooth. We now have 

dD{M) n Tb = and 7^ dD{M) f^Ta^ T„. (4.21) 

We consider the c-Robin function \m{ZiW\ for D{M). Although dD{M) is 
not smooth, by the construction of Am[-2,w] and the fact that dD{M) ^ 
Ta, Tfc, it follows that —Xm[z,w] is a smooth plurisubharmonic exhaustion 
function for D{M). 

Let D{M,M') := {[z,w] G D{M) : -Xm[z,w] < M'} and take M' > 1 
sufficiently large so that 

D{M, M') 3) Kand ^ ^ dD{M, M') n T„ 7^ T„. 

Now since —\m\ziW\ is smooth we have that D{M,M') is a pseudoconvex 
domain in "H with smooth boundary; moreover we have 

dD{M, M') n Tb = and 7^ dD{M, M') n T„ 7^ T„. (4.22) 

We can now apply the I'** case, where we assumed condition (cl), to D{M, M') 
to conclude that D{M,M') is Stein; hence D is Stein. 

4*'' case. Assume one of |^ vanishes identically on dD fl Ta and 
assume case (cl). 

To deal with this case we construct the C-Robin function A[z,u;] on D 
with respect to a positive constant function C on D and the restric- 
tion of the Fubini-Study metric dS"^ on to C* x C*. Note this metric 
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is different than the Euchdean metric ds^ on restricted to C* x C*; ac- 
cordingly, — A[2;,w] is a smooth plurisubharmonic exhaustion function on 
D which is different from the function — A[2;, w]. Moreover, for any posi- 
tive constant k the function Uk[z,w] := — (A[2r,i(;] + kK[z,w\) is a smooth 
plurisubharmonic exhaustion function for D. We claim that we can find a k 
and an increasing sequence {Mn}n=i,2,... tending to +00 such that the increas- 
ing sequence of pseudoconvex domains Dn = {[z,w\ & D : Uk[z,w] < M„} 
satisfy the hypotheses of the 1"** case. Clearly dDn fl Tb = so that (cl) 
holds. It remains to select k and then the sequence M„ so that there exists 
[zn, 0] G dD n Ta with 2„ 7^ such that neither nor vanishes at 
(2;^, 0) where iljjyz.w] := Uk[z,w] — M„. From the 1"** case we conclude that 
each Dn is Stein and it follows from § 14 of [5] that D is Stein. 

5*'^ case. Assume one of |^ vanishes identically on dD fl Ta and 
assume case (c2) or (c3). 

The type of argument used to show a domain D in the 2""^ or 3'"'^ case, 
where we assume (c2) or (c3) of the condition D 7^ T;,, reduces to the 1** 
case, where we assume (cl) of this condition, allows us to deduce the 5*^* case 
from the 4*'^ case. We leave the details to the reader. □ 

We next turn to the situation where dD contains one of T^ or T^ but not 
both. 

Lemma 4.4. Let D he a pseudoconvex domain in with C^— smooth 
boundary. If (i) dD D T„ and (ii) dDnTby^ Tb, then 

(1) D is Stein or 

(2) D is of type (b2) in Theorem In fact, D = [j^^gO'c with E 85 
and 00 ^ (5 U d6. 

(and similarly ifTa and Tb are switched as well as and 00). 

The condition (ii) separates into the following two cases: 

(cl) dS^dDDTb^Tb or (£2) D D Tb. 

Proof. We first treat the case (cl). We assume that D is not of type (b2) 
as in (2) and we show D is Stein. We proceed as in the proof of the 3^*^ case 
of Lemma [4.31 where we use the function [/[z, w] on T-L* defined in section 2. 
However, instead of ( 14.19P and ( 14.20p we use 

s[2;,w] := max{—X[z,w],U[z,w]}. 
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and 

v[z,w] := ma.x{—X[z,w] + 2m, eU[z,w]} 

We leave the details to the reader. 

We next treat the case (c2) in which dD D Ta and D D T^. In this 
setting we shall show that conclusion (2) in Lemma 14.41 holds. 

Since Tf, is compact in D, we can find a neighborhood V of T;, in D such 
that Tb (bV D. Since := {\w\ = c\z\p}/ ~ (or a, := {w = cz^}/ ~) 
approaches T;, in H as c — oo, it follows that for c sufficiently large, the 
Levi fiat hypersurface Sc satisfies Ec d \^ d -D (or the compact torus Uc 
satisfies ac <^ V D) . But — A[z,u;] is a plurisubharmonic function on 
D (although not necessarily an exhaustion function); hence — A[2;,ii'] is not 
strictly plurisubharmonic at any point in Sc (or cTc). From Lemma [4.2^ we 
conclude that D is given as in case (2) (ii) of that lemma. 

For simplicity, we complete the argument if Sc (s ^ d -D. We claim that 
p is of case (b 2) (p rational and r rational) in Theorem 11.11 and hence D is 
of the form in case (2) (ii-a) of Lemma 14. 2[ completing our proof. For if p 
is of case a (p irrational) or of case (bl) (p rational and r irrational), then 
from the proof of Lemma [4.2[ we have (recall [a*)) 

D* = [jj:, = [j{\w\=c\zn 

where I = (r, R) is an open interval in (0, oo) because D* is connected. Since 
D D Tfe, D = Ucg(r-,oo]Sc- However, since dD D Ta, we must have r = 0. 
Thus D = 'H\Ta which contradicts the smoothness of dD. □ 

Note in particular we have proved that the Nemirovskii-type domains in 
(2) (ii-b) of Lemma [4.21 are Stein. An entirely similar proof, which we omit, 
deals with the case where dD contains both and T^. 

Lemma 4.5. Let D he a pseudoconvex domain in % with C^— smooth bound- 
ary. If dD^Ta^ Tfo, then 

(1) D is Stein or 

(2) D is of type (b2) in Theorem \l.l\ In fact, D = IJcgs'^c with 0, oo G d6. 

We suspect that under the hypotheses of Lemma 14.51 conclusion (2) must 
always hold, but we are unable to verify this. 

We can now easily conclude with the proof of our main result. 
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Proof of Theorem 11.11 Let D be a pseudoconvex domain in % with 
C"^— smooth boundary which is not Stein. We consider three "symmetric" 
cases depending on the nature of dD D or dD fl T^. 

case: dD D T„ (or dD D T^). 

If dD D Ta, we can have either dDnTb^ Tb or dD D T;,. If dDnTby^ 
Tfe, from Lemma g31 D = U^gs with G 95 and oo ^ dS. If dD D Tb, this 
means dD D TaUT;,; hence Lemma implies D = IJce5^c with 0, oo G d6. 

2""^ case: 9L> H T„ = (or 9L> n = 0). 

If dD nTa = 0, we can have either dD n Tb ^ Tb or dD D Tb. If 
dD D Tb, we are done by the I'** case. If dD fl 7^ T;,, either 



Note that if dDr]Tb = 0, then in this 2""^ case dD n (T„ U T^) = 0. 

Let X[z, w] be the c- Robin function of D. From Lemma I^TTl we know that 
— A[2;, w] is a plurisubharmonic exhaustion function on D. We shall prove 
that under our assumption that D is not Stein we can find a point [20,^0] 
in D* at which — A[2;,tf] is not strictly plurisubharmonic. We give the proof 
when p is irrational since the other cases are completely analogous. 

In the setting of the 2""^ case with (/) dD fl T;, = we have three possible 
situations for D relative to T^, Tb. (i) D n (T„ U T,,) = 0; (ii) D n T„ = 
and D D Tb (or the symmetric case with Ta, T^ switched); and (Hi) D D 

Ta U Tb. 

In case (i) we are done since D = D* so that, by the assumption D is not 
Stein, there is a point [-Zoj'W^o] m D = D* at which — A[2;, w] is not strictly 
plurisubharmonic. By (2) (i) of Lemma [4.2[ D is of type (a-1). In case (ii), 
since Tb is compact in D, we can find a neighborhood V of T^ in D such that 
Tb V D. The Levi fiat hypersurface Sc := {\w\ = c\z\p} approaches 
Tfe as c — J- 00; hence T,c <£ V D for c sufiiciently large. Since —\[z,w] is 
a plurisubharmonic function on D, —X[z,w] is not strictly plurisubharmonic 
at points of S^; thus we can find such a point in D*. Recalling (a*): 



= = cl^l''}, where / is an open interval in (0, 00), 

cei 

we see that D is of type (a-2") in Theorem ll.il In case (iii), similar reasoning 
as in case (ii) shows that C D for some Cq 7^ 0, 00. It follows that 



(/) n Tb = or (//) (li^dDnTb^ Tb. 
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D = IJggj Sc where / is an interval in [0, oo]. Since -D D Tq U Tb, we have 
/ = [0, oo], i.e., D = "H, which is absurd. This finishes the proof of of the 2"*^ 
case under situation (/). 

To finish the proof of the 2"''^ case, where dD flTa = 0, it remains to deal 
with situation {II), i.e., fl = and ^ fl T;, 7^ Tf,. Apriori, we 
separate this into two subcases: 

(cl) DDTa and (c2) D ^ T^. 

In case (cl), using the argument in case (ii) above we can find a neighborhood 
V of Ta in D such that Tb (£ V D and hence m V D ior c> 
sufficiently close to 0. Thus we obtain points in D* at which — A[2;,w] is not 
strictly plurisubharmonic. We now appeal to case (2) (i) of Lemma 14. 2[ 

Now we observe that case (c2) cannot occur, for the assumptions 7^ 
dDDTb^ Tb and D ^ imply from Lemma US] that D is Stein. 

3'-'^ case: dl ^ dD nTa ^ Ta {or dl ^ dD CiTb ^ T5). 

li dS ^ dD nTa ^ Ta, from Lemma we must have D D Tb. Thus 
dD n Tfc = and we are done by the 2""^ case. 

This completes the proof of Theorem II. 1[ □ 

We end with an explicit example of the construction of both D[z,w] and 
the c— Robin function A[2,w] for a specific Nemirovskii-type domain D gH. 
We recall the fundamental domain J' = EiU E2 = {E[U E'l) U {E'^ U E'^) for 
% defined in (12.21) . Let Z) be a sub domain of F defined by 

D := {E[ X A7) U {E'^ x K'^) C E1UE2 

where (recall 6 > 1) 

K'l := {1 < \w\ < 6} n {^w > 0} and K'^ := {\w\ < b} n {^w > 0}. 

We note that dD, which can be written as 

{\z\ < \a\} X {^w = 0,l < \w\ < b}[j{l < \z\ < \a\} x {^w = 0,\w\ < 1}, 

is smooth in "H. To see that D is of Nemirovskii-type as in Lemma |1]2] (ii-b), 
setting 

N = C,x {^w>0} C (C^)* 
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we will show that 

N/ ^ = D inU, or equivalently, N = D = DxIm (C^)* (4.23) 

(recall (Q). Hence N\C,x {0} = D*. 

To prove fl4.23l) . we show N = D. Let {z, w) G A^. Then we have z = a^ZQ 
and w = b^wo for some n,m & Z and (zq, w^o) £ J^- Since 6 > 1, we have 
^wo > 0. 

Case 1: n > m. 

In this case we have {z, w) ~ (^/a", = (^o, b"^~"wo) & E^x K'^ C 

Case 2: m > n. 

In this case we have {z,w) ~ {z/a'^,w/b"^) = {a'^~'^ZQ,wo) e E[ x K'( C 

D. 

Hence N G D = D x I. The converse is clear from the relations D <Z N and 
NI = N. 

We turn to the study of the sets D[z, w] and the c— Robin functions \ [z, w] 
for {D[z,w],e) with respect to the metric ds'^ on C* x C* and the function 
c{z,w) > 0. Recall e = (1, 1). Note that = {^w > 0}. Let w' G Kl^. We 
write w' = \w'\e^^ where — | < 6* < | and define 

6{w') := {w = u + IV e C„ : (cos e)u - (sin e)v > 0}. (4.24) 

We then have 

{^w > 0} X ^ = 6{w') inC^, 
w 

so that dist{l, d6{w')) > cos6 for < 1. Recalling the formulas 

D[z, w] = ((i -)-D) xl if [z, w] e D*; 

D[z, 0] = C*) X J = (- Da) X C; if [z, 0]eDn T,; 

2 2; 

D[0, w] = (C*, -Db) X X = C! X (- A,) if [0, w]eDnTb 
w w 

where n T„ x {0}, D n Tfe = {0} x D^, = : z e Da, n e 

Z} C C* and Z^t = : w G -D;,, n e Z} C C*^, in using the equality 

D = N we obtain the following: 
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If {z',w') G D*, then 

D[z',w'] = {^,^)D* = C:x6{w'), 
z' w 

while if {0,w') G D, then 

D[0, w'] = C: X ^' = C: X 6{w'). 

Hence for any [z,w] G D, we have 

D[z,w] = Clx S{w) 

which is independent of z. It follows that \[z,w], [z,w] E D is independent 
of z. 

We analyze the boundary behavior of A[2, w]. We consider different cases: 

(1) Let [zq.Wq] G dD\Ta] i-e., Zq 7^ 0, wo = Q + ivq^ 0. We let [z,w] G D 
approach [zo,^fo]- If z zq and w — )■ ivo, then regarding fl4.24p with 
6* = 7r/2 we see that 

D[z,w] = C* X 6{w) approaches D[zo,ivQ] =Clx {Qw < 0}. 

In particular e G i9(C* x < 0}); thus as [z, w] approaches [zq, ivo], 
we have dist (^dD[z,w],e) tends to and A[2;,w;] tends to —00. 

(2) Let [zq, 0] e dD nTa = T„ where zq ^ 0. We let [z, w\ E D approach 
[zo, 0] in such a way that z ^ z^ arbitrarily but — )■ in an angular 
sector; i.e., writing w = \w\e^^, there exists 6*0 with < ^0 < so 
that 1^1 < 60 as \w\ — )■ 0. As before we have D[z,w] = C* x It 
follows from fl4.24p that dist {dD[z,w],e) > cos 6^0 for \w\ < 1. Let A 
be the c— Robin constant for the region 

G{eo) := {{z,w) G q X C; : \z - 1^ + |w- < cos^^o} 

with pole e. Then A is finite and since G{9q) C -D[2;,w] for |w| < 1, 
clearly A[^, w] > A. Thus — A[2, to] is not an exhaustion function due 
to its boundary behavior at T^. 

Finally, welet X := w-^ and Pq = [zq, wq] E D*. Then the integral curve 
for X with initial value po is given by 

a := Po exp tX = {{CI} x {wq}) / ~ c />/ ~ = D*. 

Thus this example does indeed satisfy (1) and (2) (ii-b) of Lemma 4.2. 
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5 Appendix A: Proof of Lemma 



We give the proof of Lemma [3?n Assertion 1. follows from property (2) of the 
function U[z, w] at the end of section 2. To see this, by definiton we note that 
S := = 0} coincides with {\w\ = \z\p}/ ~ in "H*. We consider the 

integral curve of X„ with initial value [1, 1], i.e., au = {w = z^}/ ~. Since 
p is real, we have a„ C {\w\ = \z\p}/ ~ = S; hence S„ C S. Assume that p 
is irrational, given zq e C* with 1 < \zo\ < |a|, writing pr{zQ} := {zqI'^c^''^ for 
some 6 we have 

zf; = { pr{z(;} e^^'P^ : n G Z } as sets in C;. 

This set is dense in the circle {\w\ = \zq\''}. It follows that is dense in 
S; hence = S. This proves Assertion 1.(1) if p is irrational, and it also 
proves Assertion (a) listed at the conclusion of Lemma [3. II in this case. 

We next prove 1.(1) assuming r is irrational and p = q/p is rational. 
Again writing pr{z'^^^} := |2;|5/Pe«('?/p)^^ have 

= {w = z'^^^}/ ~ (by analytic continuation) 

= U„ez{(a"z, {a^zy/P:zeC*}/r^ 
= U„6z{(^,r"((a"z)^/^):^GC*}/~ 

= Un,kM{z,pr{z''/'^} e2-(Wrt+M ; z e C*}/ ~ . (5.1) 

Since r is irrational, we similarly have S„ = S, finishing the proof of 1.(1). 
A similar argument yields Assertion (a) in this case, completing its proof as 
well. 

We next prove 1.(2) assuming r := {{q/p) arga — arg6)/27r from (11. 2p is 
rational (see Case (b2) in Theorem II. ip . We defined X = {olz^ + l3w-^ : 
a, /3 G C} on "H*, which is a two-dimensional Lie algebra in H*, and X„ = 
{cXu : c G C}, which is a one-dimensional Lie subalgebra of X. Then a„ 
coincides with the Lie subgroup of Ti* corresponding to X„. We will give a 
concrete description of compact curve in Ji*. 

We let g be the greatest common divisor of p and / and define u '■ = pl/g G 
Z. Then 

{{nq/p) + kr : n, k & Z} = {] /u : < j < z/ — 1} mod Z. 
It follows from (15. ip that 

= Ul-l{{z,pr{z'^/P} e'-^'/n : z G C*}/ ~ . 
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Setting Wk{z) := pr{zi/P} e^'''''/'' G A; = 0, 1, . . . , z/ - 1 and W{z) := 
U'j^zlwkiz) C C;, we have 

= U,ec*{z,W{z))/ ~ . 

For n G Z we have 

{z,W{z))/ ~ = (a"2, >V(a"^))/ ~ . 

Moreover, since 1 < < \b\ for 1 < l-^l < \a\, 5„ may be considered as a 

graph in the fundamental domain J-" (or as a multi- valued function w = yV{z) 
on the annulus {1 < \z\ < \a\} ) in the following manner: 

(*) au = l^i<\z\<\a\iz,yV{z)). 

Since {z, W^z)) = {az, yV{az)) in "H, a„ is a compact curve in "H*; indeed, a„ 
is a one-dimensional torus. 

Moreover, if we consider the finite subgroup K = i^e^'^^^l'^ : A; = 0, 1, . . . , v— 
1} in C*, then for c, c' G C* we have 

{w = cz'^IP}/ ^ = {w = c'^^/P}/ ~ if and only if c' G ciT. (5.2) 

To verify (E2D, let tfo = czl'^ where ^ 0. We can find [z'^, w'q) G C* x C* 
with w'q = d^z'^y/P and (zq,U7q) = (a"zo) ^"w;o) for some n E Z. Then 
df'ZQ^^ = c^o^ZqY/P] hence |c| = |c'|. Consider the fundamental domain 
J-'|c| := X (1, |c|) of Similar to (*), we have the following equalities in 

{w = cz'^l^}! ~ = Ui<|,|<|,|(z, cW(z)); 
{w = cV/P}/ ~ = Ui<|,|<|,|(z,c'>V(z)). 

Thus {w = cz^/P}/ = {w = c'z'>^P}/ ~ iff cW(^) = c'Wiz) as sets in C; 
for any z G {1 < \z\ < \a\}. This is clearly equivalent to c' G ci^. 
Thus we can write "H* disjoint union: 

[j {w = cz'i^P}/ ~ . 

cK£C*/K 

Since a„ is compact, we have 

lim {u; = cz«/P}/ ~ = T„ and Mm {w = cz'^^p} / = 

c— >0 c— >oo 
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in H. Now since C* / K is equivalent to C*, we write C* /K = C*; cK = c; 
{w = cz''^^}/ ~ = CTc! Ta = (TO) and T;, = (Too- With this notation can write 
clS db disjoint union 

T-L = Ucgpi Cc- 

This proves Assertion 1.(2) and 

We now prove 2.(1). Let X = az^ + l3w£^ ^ {cX„ : c G C} with 
a,P ^ 0. Considering X as a vector field in C* x C^, the integral curve 
{exptX : t G C} of X with initial value e = (1, 1) in C* x C,^ is w; = z'^/". 
Let (]/a = A + Bi where A, B are real. Then 

Fix z' G C* and let Logz' = log \ z'\ + i9' {Q < 9' < 27r) be the principal value. 
By analytic continuation, over z' we have 

y^^(^z') = 6^^+^*)^ Log|^'|+i(e'+2n7r)) 

^ gyl(Log \z'\+ie') ^[~B{e'+2n7T)]^.{A2n7T+BLog\z'\) ^ n E Z. (5.3) 

We first assume 5^0, e.g., B > 0. Then |w„(2')l = d^z'l^e"-^''') e~2"-B^, n G 
Z. Hence lim„_j.+oo |'2^n(^')l = in C^; thus 

lim {z',Wn{z))/ ~ = [^',0] G T, in H. 

n— >+oo 

Since z' G C* is arbitrary, we have C S, the closure of a = {w = 
z^+^'}/ ~ in H . 

Since w = z^^^^ can be written as 



z = w 



where A' = A/{A^ + B^), B' = -B/{A^ + B^) < 0, 



we similarly have T;, C S. This proves 2.(1) in case B ^ 0. 

We next assume 5 = and A ^ p. Since the proof is similar, we shall 
prove 2.(1) assuming —oo<A<p. For z G C* we have Log^; = log \ z\ + 
ie{0 < 6 < 27r). By analytic continuation of w{z) = z^ = e^(i°gl^l+^'^'-g^) 
along an arbitrary path / from z to a^z where G Z is arbitrary, we have 

w{ah) = {a^z)^ = |a*^z|V^"'-§'^'" = |a*^^|^e'^('="''S"+''+2""), n G Z. 

Thus pk := {a'^z,w{a'^z)) G cr. In "H* the point pk coincides with 

{z, w{a''z)/h'')/ ~ = (^, Wk{z))/ ~ G a (5.4) 
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where Wk{z) := |aA/5|fc e*'=(^'^''S'^-'^'-g'')e*^(^+2"^) G C*. 



\w,{z)\ = |z|^(|a|'=^/|6|'=) = |z|^(|a|M^ (5.5) 

Since A < p and \a\ > 1, it follows that linifc^^+oo |w^fc(^)| = 0, so that 
[z,0] G S. Since z G C* is arbitrary, we have S D T^. 

Since w = can be written as z = w^^"^, we have by analytic con- 
tinuation := {{h^ wy/^ ^y^w) G (7 for any k E 7j. In "H*, the point 

coincides with {{h^ wY/^ / al^ ,w) / ~=: {zk{w),w)/ ~. Since |ifc(^)| = 
|w|^/^(|a|''~^)''/^, we have limfc^_oo \zk{w) \ = if A > and linifc^+oo \zk{w) \ = 
if A < 0. Since w G C* is arbitrary, we have E D T;,, which proves 2.(1). 

Finally, to prove 2.(2), let X = ctz-^ ^ 0. Then the integral curve cr of X 
passing through [1, 1] in "H is given by {(e°*, 1) : t G C}/ ~ = C* x {1}/ ~. 
In the fundamental domain J-", 

a={{0< \z\ < |a|},l)U({l < 1^1 < |a|},l/6)U({l < \z\ < |a|}, 1/6^) + . . . , 

sothat S = ({|^| < l},l)U^=i({l < |z| < |a|},l/6") U T^, proving 2.(2). □ 

We end this appendix with a remark. Let X = az-^ + l^w-^ ^ {cX^ '■ 
c G C} with a 7^ 0, /3 7^ and set = A + i?i as in the proof of 2.(1). Fix 
{zo,Wo) G C* X C* and for c = Wq/zq consider the integral curve = {w = 
cz^^^^}/^ of X passing through [^o^'W^o] in T^- For each 2;'G{l<|2;|<|a|} 
we consider the set of all points Wk{z'), k = 1,2,... in {1^1 < \b\} with 
[z',Wk{z')] = {z',Wk{z') G o"c. The following fact was used to prove (2) (iii) 
in Lemma [4. 2[ 

Remark 5.1. If A is irrational, then there exists a subsequence {wk^ {z')}j=i^2,... 
with the properties that limj^oo \ wk {z')\ = and the closure of the set 
{argWk^{z')}j=i 2,... modulo 27i is equal to [0,27r]. 

Proof. Since cXc = {w = cz^~^^^}/ ~ and a = {w = z^'^^''}/ ~ where a is 
defined in the proof of 2.(1), it suffices to prove the result using ac = ex. If 
B ^ 0, we can assume B > 0. Since A is irrational, formula fl5.3|] gives the 
result. If = we have A ^ p, and we can assume —oo<A<p. In this 
case, since A is irrational, formulas (15.41) and (15. 5p imply the result. □ 
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6 Appendix B: Proof of Lemma 13.2 



We give the proof of Lemma 13.21 The lemma is local, hence we may assume 
from (i) and (ii) that the unit outer normal vector of the curve dD{0) in A2 
is (0, 1); i.e., dD{0) is tangent to the u-axis at u; = where w = u + iv. 
Thus, we may assume that ip{z, w) has the following Taylor expansion about 
the origin {z, w) = {z, {u, v)) = (0, (0, 0)): 

^|J{z, w) = V + po{z) + pi{z)u + P2{z)u^ + . . . = (6.1) 

where each Pi{z), z = 0, 1, 2, ... is a C"^— smooth real-valued function and 

Po(0) = and pi(0) = 0. 

We may further assume that formula (16. ip holds on {z,u) G Ai x (— r2,r2) 
where A2 = {\w\ < r2}. Thus we write 

D = {v+po{z) + pi{z)u + p2{z)u'^ + ... <0 : {z,w) e Ai X A2}; 

S = dD = {v+po{z) + pi{z)u + p2{z)u^ + . . . = : (2;,^;) G Ai X A2}, 

or equivalently, 

D : V < -{pq{z) +pi{z)u+p2{z)u^ + ..) in Ai x A2, (6.2) 

and, for each z G Ai, 

S{z) : V = -[pq{z) + pi{z)u + p2{z)u^ + . . ) in A2. 

In particular, —ipQ^z) G S{z). By condition {iii) we have 

Po{z) ^0 on Ai. (6.3) 

Since ip{z,w) satisfies the Levi condition (13. 2p on ip^z.w) = 0, using the 
notation 

nz,w} = +po{z) +pi{z)^— +P2{Z){ ^ ) +..., 
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we calculate to obtain 



Cijj{z, w) 



dzdz 



dzdz 



-u 



dzdz 



■u 



1 1 
2z 2 



Pl{z) +P2{z)u + 



2 dz 



dz 



dpo{z) dpi{z) dp2{z) 



dz 



dz 



-u 



dz 



-u 



-P2{z) + ^P2,{z)u + . 



dpo{z) ^ dpi{z) ^ ^ dp2iz)^2 



dz dz dz 

on ip{z, u + iv) = 0. 



> 



In particular, 

Cilj{z,0 + iv) 



1/. , / ^2^ d'^Poi^) 



dpi{z) dpoiz) 



dz 



dz 



-i+pi{z)) 



1 



P2{z) 



dpo{z) 



dz 



> 



on V + Po{z) = for z G Ai. 
Since this expression for Cip{z, + iv) is independent of v, we have 
n, / f dpijz) dpojz) 



9po(2;) 



^2; 



> 



for z E Ai. (6.4) 



This formula will be used later on in the proof. 



Claim: To prove the lemma, it suffices to show that for ri > sufficiently 
small and 6i = {\z\ < ri}, 

(<)) there exists z* G Si such that Po{z*) > 0. 

Indeed, if (<)) is true, consider the segment [0, z*] in 6i and the set 

s:= (j Siz)cA2. 

ze[o,z*] 
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The arc S{z) in A2 varies continuously with 2; G Ai. Hence it follows from G 
S{0), -ipo{z*) G S{z*), -p{z*) < and f l6.2p that there exists a sufficiently 
small disk 62 C A2 centered at = with -D(O) fl ^2 C s. 

Thus we turn to the proof of (<)). We have two cases, depending on 
whether ^(0) vanishes: 

Case (i). ^(0) ^ 0. 
oz 

Since po(0) = 0, we have 

PQ{x,y) = ax + hy + 0{\z\^) near 2; = 

with (a, 6) 7^ (0,0). It is clear that there exist z* G 5i which satisfies (^). 

Case (11). ^(0) = 0. 
oz 

In this case, we have the following Taylor expansion of pa{z) about 2; = 0: 
(1) Pq{z) = 'R{a2oZ^} + aiizz 

+ . . . + 3ft J2„-i + 3ft J2™ + 0(1^1'"+^) near 2 = 0, 

where 



J2n-i = 3ft a2„-fc,fc *^^^}, J2n = 3ft a2n-k,k z^'^ ^z^] + a„„|2; 

A!=0 fc=0 



2n 



Here ajj is, in general, a complex number for i ^ j] while is real. 

1"* step: Since ^(0) = and po(0) = Pi(0) = 0, inequality ([631) reduces to 

q2 

^J|(0) > 0, i.e., an > 0. 
If On > 0, (1) implies that 

^{z) = an + Oi\z\) > ^ > near z = 0. 

Thus po{z) is strictly subharmonic on a sufficiently small disk 6'i := {\z\ < 
r'} C 6i; hence there exists z* with = ^ and Po{z*) > po{0) = 0, proving 
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If Oil = 0, then (1) becomes, for z = re*^, 

Po{z) = ^{a2oz^} + 0{\z\^) = \z\^ ?R:{a2oe^'^ + 0{\z\)} near 2 = 0. 

If = 1^20 1 e*^" 0, then for z* e 5i of the form z* = r*e-*^«/2 q with 
r* sufficiently small, we have 

Po{z*) = {rr ( la^ol + 0(1^*1)) > {r^ ^ > 0, 

which proves (<0). 

Thus it suffices to prove (<)) in the following two cases when n > 2: 

Case (I) : po{z) = J2n-i{z) + 0(|zp'") near 2 = 

where 

J2n-i{z) := 3f? {a2„-iz'"-^ + a2„_2z'"-'^ + . . . + a^^"^'^-!} in C,; 
tti is, in general, a complex number; and 

(a2„_i, a2n-2, ■■ ■ ,an) ^ (0, 0, . . . , 0). (6.5) 
Case (II) : pq{z) = J2n{z) + 0(1^1^"+^) near z = 

where 

J2n{z) :=3?{a2„z'"-^ + a2„-iz'"-^2 + ... + a„+i2"+V^-^} + a„|2p" in C,; 

tti for n + 1 < z < 2n is, in general, a complex number; a„ is a real number; 
and 

(a2n, a2n-l, • • • , On+l, On) 7^ (0, 0, . . . , 0, 0) . (6.6) 

We first assume Case (I). Setting z = \z\e^^, we have 
J2n-i{z) = kP"-^ ^ {a2n-ie^(^"-')' + 02.-26^^")^ + . . . + a„e^^} in C, 
We consider the polynomial in Z defined by 

giZ) := a2„_iZ'"-^ + a2„-2^'"-=^ + • • • + a„Z. 
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Note that g{Z) ^ by Thus g{Z) ^ for all Z with \Z\ = r for some 

< r < 1. Since g{Q) = 0, by the argument principle f^^^^^daig g{Z) > 1, 

hence there exists < 6'' < 27r such that ^g(re^'^') > 0. By the maximum 
principle for the harmonic function ^g{Z) on {\Z\ < 1}, there exists < 
9* < 271 such that 

A ■.= ^g{e'^*) >^g{re'^') > 0. 



Since J2n-i{z) = ^g{e''^), we have 



Po{\z\e 



ie*- 



\2n~l 



A + 0{\z 



\2n\ 



for < < 1 



> \z\^''-'^A/2 > for < \z\ < 1, 



showing that (<)) is true in Case (I). 

We next assume Case (II). For z = \z\e 



\z 



\2n-2 



3fJ{(*)} +a„ + 0(|z|) 



dzdz 
where 

(*) = {2n - l)a2„_ie^(2"-2)e ^ _ . a2„_2e'^")' 
We substitute this in (16. 4 h to obtain 



(6.7) 



i26» 



(1 + 0(1)^ 



\z\ 



3ft{(*)} + nV 



0(|z| 



0(l)0(|;2|^"-^)(-z + 0(1)) \ +20{\z\) 0(1^1^"-^)^ > 



for \z\ sufficiently small. Dividing both sides by (1 + 0(1)^) ^ > with 
|2;| > and then letting — t- 0, we have 

3ft{(*)} + n2a„ > for all < ^ < 27r. (6.8) 

We substitute this in the definition of Pq{z) in Case (II) to obtain 

2n - 1. 



■) 



J(2n-2)e_ 



0'2n-2 



(n + l)(n - 1) 



J2e 



Oi\z 



2n+U 
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for \z\ sufficiently small. 

We divide the proof of Case (II) in two subcases: 

Case (II-l): (a2n, a2n-i, • • • , 7^ (0, 0, . . . , 0); 

Case (II-2): (asn, a2n-i, • • • , On+i) = (0, 0, . . . , 0). 

From fl6.6p . a„ 7^ in Case (II-2). In Case (II- 1) we consider the polynomial 

... + a„,.(l- <" + "><"-') )Z'. 

Since n > 2, we have (1 — ^ for = l,2,...,n — 1 so that 

g{Z) ^ on and (7(0) = 0. By the same reasoning as in Case (I) we have 
the existence of < ^* < 27r and A > with 

PoiW"^*) > kr"^/2 > for < 1^1 < 1, 

which proves (<C>) in Case (II-l). 

In Case (II-2) we have (*) = in (16. 7p and hence a„ > from (16. 8p : thus 
ttn > 0. Using (16. 7p we have 

> kl'"-'a„ + 0(|zp"-2) > \z\'^-''aj2 > 

ozoz 

for 2; in a sufficiently small disk 6 centered at z = 0. In other words, Po{z) is 
subharmonic on 6 and is strictly subharmonic in 5 \ {0}. Thus, for a given 
< r < To, we can find < 6* < 27i with pQ{re^^ ) > 0, which proves (<)) in 
Case (II-2). This completes the proof of (<)). □ 
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